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Abstract 

The Fourier transform, known in classical analysis, and generalized in abstract harmonic 
analysis, can also be considered in the theory of locally compact quantum groups. 

In this talk, I will discuss some aspects of this more general Fourier transform. In order 
to avoid technical difficulties, typical for the analytical approach, I will restrict to the 
algebraic quantum groups. Roughly speaking, these are the locally compact quantum 
groups that can be treated with purely algebraic methods (in the framework of multiplier 
Hopf algebras). 

I will illustrate various notions and results using not only classical Fourier theory on the 
circle group T, but also on the additive group Qp of p-adic numbers. It should be observed 
however that these cases are still too simple to illustrate the full power of the more general 
theory. 
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0. Introduction 



Let G be an abelian locally compact group. The dual group G is defined as the group of 
continuous characters on G (with values in the circle group T = {z E \ \z\ — 1}). With a 
suitable topology, G is again a locally compact abelian group. Pontryagin's duality states 
that the dual of G is again G. Typical examples are the groups Z, T and R with duals T, 
Z and R respectively. We are also interested in the additive group Qp of p-adic numbers 
whose dual is again Qp. 

The Fourier transform of a continuous complex function / with compact support on such 
a group G is a continuous complex function / on G, defined by 

/(?) = / f{r){r,q)~ dr 

JG 

where integration is over the Haar measure on G, where (r, q) is used to denote the value 
of the character q in the point r and where z~ stands for the complex conjugate of the 
complex number z. In general, the function / will no longer have compact support, but 
it will tend to at infinity. In the case G = T, the Fourier transform is a function on Z. 
In the case G = R, the Fourier transform is again a function on R. In the first case, we 
obtain the Fourier coefficients. In the second case, we get the classical Fourier integral. In 
general, we end up doing abstract harmonic analysis. 

Among the various interesting properties of the Fourier transform, we have the Fourier 
inversion formula, Plancherel's formula and the fact that convolution product is converted 
to pointwise product by the Fourier transform. 

See e.g. [F] for a nice and comprehensive treatment of the theory of abstract harmonic 
analysis. 

If the group G is no longer assumed to be abelian, it is not possible anymore to consider 

the dual group G. For a long time, people have tried to construct objects in order to 
generalize Pontryagin's theorem to the non-abelian case. Recently, this problem found 
a nice and satisfactory solution with the introduction of the theory of locally compact 
quantum groups. It is possible to construct a dual of the same type and in this way, the 
theorem of Pontryagin can be generalized in a beautiful way to the non-abelian case. Also 
the Fourier transform has a natural generalization to locally compact quantum groups and 
many of the classical results can be extended to this more general framework. 

We refer to [K-Vl] and [K-V2] for the theory of locally compact quantum groups, see also 
[VD3]. 

This analytical theory is highly non-trivial and technically quite difficult. It uses, among 
other things, a theory of non-commutative integration. This would be far beyond the 
scope of this talk (and this conference). Fortunately however, there is the purely algebraic 
theory of multiplier Hopf algebras with integrals (the so-called algebraic quantum groups) , 
having many of the features of the general theory. They can be treated without going into 
the analytical technical difficulties. 
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So, in this talk, I will discuss the concept of the Fourier transform for multiplier Hopf 
algebras with integrals. To do Fourier analysis, one needs an integral on A as well as on 
the dual A. This is the case when A is a multiplier Hopf algebra with integrals. Then, 
the dual A can be considered and it is again a multiplier Hopf algebra with integrals. The 
theory of Hopf algebras is not sufficiently general for this purpose because in this case, 
requiring an integral both on A and its dual, forces A to be finite-dimensional. Therefore, 
many interesting cases and examples can not be treated if we stick to the theory of Hopf 
algebras. 

In Section 1, we introduce the main concept. First we recall briefly the notion of an 
algebraic quantum group {A, A) and its dual (^4, A). We introduce the notion of the Fourier 
transform in this setting and we motivate our definition within the classical framework of 
the theory of Fourier series. In Section 2, we prove some of the main properties of this 
Fourier transform. We treat the Fourier inversion formula, Plancherel's formula and we 
show that convolution product on A is converted to the usual product on A. We discuss 
the notion of algebraic quantum groups of discrete and of compact type and show that 
these types are dual to each other. Finally, in Section 3, we focuss on an example of a 
totally disconnected locally compact group, the additive group Qp of the p-adic numbers. 
We introduce the associated multiplier Hopf algebra. Because it is highly related, we 
introduce, again in general, the notion of a group-like projection and we show that the 
Fourier transform of such a group-like projection is again a group-like projection. We 
illustrate the result in the case of the p-adic numbers. We finish with a short section 
{Section 4) where we draw some conclusions and discuss related research. 

We have already given some basic references for the classical theory of the Fourier trans- 
form (in abstract harmonic analysis), namely [F]. We have also refered to the original 
works of Kustermans and Vaes [K- VI] and [K- V2] , and to [VD3] for the general theory of 
locally compact quantum groups. For the theory of multiplier Hopf algebras and algebraic 
quantum groups, we have the original works [VDl] and [VD2], as well as the survey paper 
[VD-Z] . Finally, there are the papers by Landstad and myself about group-like projections 
and related things ([L-VDl] and [L-VD2]). 



Acknowledgements I would like to thank the organizers of this meeting for giving me 
the opportunity to talk about this work. I am also grateful to my coworkers in Leuven for 
discussions about the example of the p-adic numbers. 



1. The Fourier transform for algebraic quantum groups 

Let us first recall the notion of an algebraic quantum group (a regular multiplier Hopf 
algebra with integrals) . 
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1.1 Definition Let A be an algebra over C, with or without identity, but with a non- 

degcncratc product. Let A be a comultiplication on A and assume that it is regular 
and full. Then the pair (A, A) is called an algebraic quantum group if there exists 
faithful left and right integrals on A. 

A coproduct is assumed to satisfy A(a)(l <Si b) E A^ A and (a (8) 1)A(6) e A (g) A for all 
a,be A. If also A{a){b ® 1) eA®A and (1 O a)A{b) e A^Afor all a,b e A, then A is 
called regular. It is called full if the left and the right legs of A{A) are all of A. 

This definition is not the original one, but it refers to the Larson-Swccdler theorem as it is 
proven for multiplier Hopf algebras in [VD-W]. For the original definition, see [VDl] and 
[VD2] . Recall that the existence of a counit £ and an invertible antipode S is proven from 
these assumptions. They satisfy (and are characterized by) similar equations as in the case 
of Hopf algebras. 

For any such algebraic quantum group (A, A), we have a dual algebraic quantum group 
{A, A). The result is as follows (see again [VD2]). 

1.2 Theorem Let [A, A) be an algebraic quantum group and let </? be a left integral. 
Define A as the space of linear functionals on A of the form a) where a E A. The 
dual of the coproduct A defines a product on A and the dual of the product on A 
defines a coproduct A on yl making the pair {A, A) into an algebraic quantum group. 
It is called the dual of {A, A). The dual of {A, A) is again {A, A). 

Recall that integrals are unique (up to a scalar) and so A is uniquely defined. By the 

faithfulness of (f, the space A separates points of A. A right integral on A is given by 
the formula 1/^(0;) = e{a) when u = f{-a). Similarly, a left integral 1^ on is given by 
(p{uj) = e(a) if cu = ip{a ■) where ip is a right integral on A. 

An important case is that of a *-algebra A where A is assumed to be a *-homomorphism. 
In this case, we call A a *-algebraic quantum group. Then A is again a *-algebra and 
the involution is defined by a;* (a) = uj{S{a)*)~ (where as before, z~ denotes the complex 
conjugate of the complex number z). The dual coproduct A is again a *-homomorphism. 
So, the dual is again a *-algebraic quantum group. Later, we will consider such a case 
where the left integral is assumed to be positive, i.e. (fi{a*a) > for all a. Often, when we 
consider *-algebraic quantum groups, we assume positivity of the left integral. 

In the setting of algebraic quantum groups, the Fourier transform is defined as follows. 

1.3 Definition The Fourier transform is a linear map from A to A, defined by J^{a) = 
(p{-a). 

Sometimes we write a for jF(a). Remark also that there are many other possible choices 
one can make to define the Fourier transform. The choice made in Definition 1.3 above is 
somewhat arbitrary but convenient. 
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We will now spend the rest of this section to explain, using the theory with Fourier series, 
why this terminology is justified. 



1.4 Example i) Consider the circle group T of complex numbers with modulus 1. In this 
case, the Fourier transform maps a continuous complex function / on T to a function 
/ on Z, defined by 

where we integrate over the usual Lebesque measure. For all of this to fit into the 
framework of algebraic quantum groups, we will restrict to the subalgebra A of func- 
tions / whose Fourier transform / has finite support. Such functions are linear com- 
binations of the functions e^, with n e Z, defined on T by en{z) = z^. We do not 
really loose any relevant information because such functions are uniformly dense in 
the continuous functions. 

Let us now translate to the framework of algebraic quantum groups. 

ii) The algebra A has an identity and it is made into a Hopf algebra when the coproduct 
A is defined by 

A(/)(^l,Z2) = /(^1^2) 

for 2:1,^2 £ T. Indeed, A(en) = Cn ® e„ because {ziZ2)^ = Z1Z2 for all zi,Z2 G T. 
Of course, {A, A) is nothing else but the Hopf algebra CZ, the group algebra of the 
additive group Z over the complex numbers. A left integral is obtained by integration 
as above. 

What is the dual of {A, A) in this case? 

iii) Consider the algebra B of complex functions on Z with finite support (and point- 
wise product). This is made into an algebraic quantum group by defining the coprod- 
uct in a similar way, namely by 

A(/)(n, m) = /(n -|- m) 

for / e S and n, m e Z. Here, a left integral is obtained by summation over Z. This 
is possible because we work with functions with finite support so that the sum over 

its values exists. 

iv) The pair {B, A) is identified with the dual of {A, A) using the pairing ( ■ , ■ ) : 
A X B ^ C, defined by (e„, /) = f{—n) when n e Z and f & B. Indeed, for n,m & Z 
and f,gEB,we have 

(en, fg) = {fg){-n) = f{-n)g{-n) 
= {en®en,f®g) 
= (A(e„),/(8)^) 

(cnem, /) = (en+m, /> = f{-n - m) 
= (en ® eni,A{f)). 



5 



v) The identification of A with B is precisely done by means of the Fourier transform. 
Denote by 5n the function on Z with value 1 in 77. and everywhere else. Then we 
have J-{en) — Sn because 

(Cm, Sn) = Sn{-m) = 5o(m + Tl) 

and also (f{emen) = fiem+n) = ^o{^ + f^) for all n,m G Z. Remark that, for 
this identification to be correct, it is important that we have taken the proper joint 
normalization of the integrals on A and B. 

As one can see, there is really nothing deep going on. It is more a matter of definitions and 
of notations. The example is too simple (but good enough to illustrate the definition of the 
Fourier transform above). One should be aware of the fact that, in the non-abelian case, 
the dual group G of G does not exist and that the (multiplier) Hopf algebra of functions 
on G is replaced by the dual of the (multiplier) Hopf algebra of functions on G. This is 
what illustrates the example above. 



2. Properties of the Fourier transform 

In this section, we will prove the basic properties of the Fourier transform, as introduced 

previously. 

Let us first consider the inverse transform. We have the following result. 

2.1 Lemma If a e ^ and ou = </?(■ a), then i/j^u'uj) — u}'{S~^{a)) for all oj' e A. 

Proof: Take a and lu as above. For any linear functional uj' in A and x E A, we have 

{uj'aj){x) = a;'(a;(i))a;(x(2)) = a;'(a;(i))(^(x(2)a) 
= uj'{x(^i)a^2)S~'^{a(^i)))ip{x^2)a{3)) 
= uj'{S-^{a(^i)))(p{xa^2))- 

Therefore, 

□ 

We have used the Sweedler notation. Recall that this is justified provided we have the 
proper 'coverings' (see e.g. [VD-Z]). 

This lemma gives the inverse Fourier transform. Indeed, ifuj = (p{-a), then a = iIj{S{ ■)uj). 
We identify, as usual, the dual of A with A by considering elements in A as linear functionals 
on A. 
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Observe the presence of S here, just as in the classical Fourier inversion formula. 

Let us now consider the convolution product on A and show that the Fourier transform 
converts it to multiplication in A. 

2.2 Proposition For a,b e A, define the convolution product a*b E Ahy 

a*b^ (^(>S'~-^(6(i))a)6(2). 

Then a*b = ab. 

Proof: For any xeAwe have 

{x,ab) = {(f<^(p){A{x){a®b)) 

= (g) ^)(A(x6(2))(5-i(6(i))a (8) 1)) 
= 'i^{xb(2))f{S~^{b(^i))a) 
= (p{x{a * b)). 

□ 

Compare this with the formula for the convolution of continuous functions with compact 
support on M. If /, g are two such functions, then their convolution product f * g is again 
a continuous function with compact support, given by 

/+00 
f{s)g{s-H)ds 
-oo 

for all t e M. 

Because in general, the algebra A is not abelian and also left and right integrals may be 
different, there are many possible choices to define this 'convolution product' and for any 
of these choices, there are several different expressions. For the above choice e.g. we can 
also write 

a*b = ip{S~^{b)a^2))a{i)- 

Next, let us show that we have a natural equivalent of PlanchereVs formula. For this, we 
need to work in the setting of a *-algebraic quantum group. Let us assume positivity of ^p. 

2.3 Proposition Let {A, A) be a *-algebraic quantum group. If a; = (f{- a), then 

ip{u}*(jo) = (p{a*a). 

Proof: By the formula in Lemma 2.1, we have 

'il){uj*uj) = (jj* {S~^ (a)) = uj{a*)~ = ip{a*a)~ = ip{a*a). 
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□ 



This is indeed Plancherel's formula. Remember that in the case of Fourier series, it is 
written as 



As we mentoned already before (see Example 1.4), one needs to take proper normalizations 
of the dual Haar measures. In the case of Fourier analysis on M, we have it under the form 



This case however does not fit in the purely algebraic theory. One needs to pass to the 
analytical theory of locally compact quantum groups (see further). 

Among the *-algebraic quantum groups, there is the distinquished class with positive 
integrals. It can be shown that for a positive left integral the right integral (p o S is 
again positive. The reason is that the scaling constant is forced to be 1 (see e.g. [DC- 
VD]). This is not an obvious result. In [K-VD], it was already shown that a positive 
right integral exists if a positive left integral exists but it was not discovered yet that the 
scaling constant had to be 1. However, from the positivity of if, we easily get that also 
■0 is positive. This is a consequence of the formula, just proven in Proposition 2.3 above. 
Also (f is positive. In particular, the *-algebraic quantum groups with positive integrals 
form a self-dual subfamily of the algebraic quantum groups. They are also locally compact 
quantum groups in the sense of Kustermans and Vaes, cf. [K-Vl] and [K-V2]. 

Let me mention in passing that all of what I say in this talk can also be generalized to all 
locally compact quantum groups, but usually, these results are much more involved (and 
technically far more complicated). 

To finish this section, let us now consider the following well-known result in analysis: The 
dual of an abelian compact group is an abelian discrete group. What about the analogue 
in our setting? 

We define an algebraic quantum group {A, A) of compact type if A has an identity (i.e. 
when it is a Hopf algebra with integrals). This is motivated by the fact that the algebra 
K(G) of continuous complex functions with compact support on a locally compact space G 
has an identity if and only if G is compact. On the other hand, an algebraic quantum group 
is called of discrete type if it has co-integrals. The use of this name can also be justified 
with reference to analysis, but this is less obvious. Just observe that the multiplier Hopf 
algebra of complex functions with finite support on a discrete group is indeed of discrete 
type. 





where now 
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Then we have the following result. 

2.4 Theorem If A is of compact type, then A is of discrete type. Similarly, if A is of 
discrete type, then A is of compact type. If A is both of discrete and of compact type, 
A has to be finite-dimensional. 

Proof: If 1 e A, then (p e A and by the left invariance of (p, we have 

cup = u}{l)p = e{u)ip 
so that p is a left co-integral in A. 

If on the other hand, h & A and ah = e{a)h for all a E A, then p{xh) = e{x)p{h) for 
all X & A. Because p is faithful, we must have p{h) 7^ as /i 7^ 0. Therefore, £ e A 
and so A has a unit. 
Moreover, in this case, we see that 

ap{h) = (6 ® p){{a ® l)A(/i)) 

= (t ® p)iil ® 5-^(a(2)))A(a(i)/i)) 
= (t0^)((l®5-i(a))A(/t)) 

for all a G A (we use t for the identity map). So, if also A has an identity, so that 
A(/2,) G Ai^ A, we see that any element a of A belongs to the left leg of A{h) and this 
is a finite- dimensional space. Hence A is finite-dimensional. □ 

We see that A has to be finite- dimensional if it is both of compact and discrete type. This 
is the same as saying that, if we want both A and A to be Hopf algebras (with integrals), 
we must have that A is finite- dimensional. This explains why it is important to work with 
multiplier Hopf algebras. 



3. An example: The additive group Qp of p-adic numbers. 

In this section, we will consider an example. It is well-known that the additive group 
Qp of p-adic numbers (for any prime number p) is a locally compact group, it is non- 
compact and non-discrete but totally disconnected. Therefore, there is a natural algebraic 
quantum group associated with it. It is commutative and cocommutative, but it is neither 
of compact, nor of discrete type. For this reason, it can not be treated properly within 
the framework of Hopf algebras. Non-commutative and non-cocommutative examples can 
be constructed from the 2>adic numbers using the basic construction methods. To keep 
things simple for this talk, I will only consider the basic case: the additive group Qp. 

Recall that any p-adic number x can be represented as a Laurent series 

+00 

j=-oo 
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where Xj e {0, 1,2,... ,p — 1} and xj = for j small enough. The topology is determined 
by the metric d, defined by d{x,y) = \x — y\ where \x\ for any x G Qp is given by 
with m E 1j satisfying xj = if j < m and Xm 7^ 0. The p-adic numbers arc defined as 
the completion of the rational numbers for this metric. Addition and multiplication on Q 
are continuous and therefore extend to Qp. Addition makes Qp into an abelian group. As 
a topological space, it is non-discrete and non-compact but locally compact and totally 
disconnected. The p-adic integers Zp are the numbers x with xj = when j < 0. They 
form a compact open subgroup of Qp. In fact, the subsets p'^Zp with m e Z form a basis 
for the topology around of compact open subgroups. 

For any totally disconnected locally compact group, we have the following result (see [L- 
VD2]). 

3.1 Proposition Let G be a totally disconnected locally compact group. Then the *- 
algebra A of continuous complex functions with compact support on G is a *-algebraic 
quantum group. 

The coproduct is the usual one: For f E A, we have A(/)(r, s) = f{rs) whenever r,s E G. 
Precisely because G is totally disconnected, we have that functions like A{f){l(>?) g) belong 
to the (algebraic) tensor product A^ A. The left integral is obtained by integration with 
respect to the left Haar measure on G. 

In the case Qp, the continuous complex functions with compact support are nothing else 
but functions / with the property that n, m in Z exist with n < m and such that / = 
outside ^"■Zp and that / is constant on p^Tjp. 

The Pontryagin dual of Qp is again Qp. The bicharacter realizing this duality, is given 

by 

X{x,y) = exp(27ria;y), 

where it is understood that 

exp(27ri^) = exp(27ri ZjP') 

j<0 

if 2; e Qp is represented as ZjP' ■ If the Haar measure on Qp is normalized so that the 
measure of the p-adic integers Zp is 1, then the dual Haar measure is the same. 

We will use this example to illustrate the general result below (Proposition 3.3). First we 
need a definition. As before, we consider the case of a *-algebraic quantum group (A, A) 
with positive integrals. 

3.2 Definition A non-zero element /i in A is called a group-like projection if h? = h = h* 
and 

A(/i)(l ®h) = h®h. 

If (A, A) is the multiplier Hopf *-algebra of complex functions with finite support on a 
(discrete) group G, then h will be a group-like projection as in Definition 3.2 if and only 
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if there is a finite subgroup K oi G such that h is the characteristic function of K (i.e. the 

function with vahie 1 on K and everywhere else). In the case of Qp, we get examples 
of such group-like projections by considering the characteristic functions of the compact 
open subgroups. 

Group-like projections in algebraic quantum groups are studied in [L-VDl]. They give rise 
to many objects (like the quantum analogue of the algebra of functions that are constant 
on left and right cosets associated with a subgroup). They also led to a theory of algebraic 
quantum hypcrgroups (see [De-VDl]). And it is expected that also a theory of totally 
disconected locally compact quantum groups will result from this work. 

One property in this theory is related with the Fourier transform. Let us therefore consider 
it here. 

3.3 Proposition Let /i be a group-like projection in a *-algebraic quantum group (^4, A) 
with positive integrals. Then its Fourier transform h is again a group-like projection 
in the dual (A, A) (provided we normalize the left integral </? so that ip{h) = 1). 

Proof: For any a e ^ we have 

{a,hh) = {ip ip){A{a){h (S> h)) 

and because also A{h){h<^ 1) = h<S> h, we get, using the left invariance of </?, that this 
is equal to 

{ip (g) (f){A{ah){h O 1)) = ip{h)ip{ah). 

Because ^{h) — <f>{h*h), we must have that (f{h) ^ 0. So, if we normalize (p such that 
(p{h) = 1, we obtain that h'^ = h. We also have for any a e A 

{a,h*) = {S{ay,h)- = ifi{S{ayh)- = ip{hS{a)). 

Because we have S{h) = h and also (fi{S{ah) = (fi{ahS) = (p{ah), we find that h* = h. 
Finally, for all a, 6 e ^ we get 

{a0b,A{h){l0h)) = {{a0l)A{b),h^h) 

= {(p® (p)i{a l)A{b)A{h){h 1)) 
= ip{ah)(fi{bh) 

and this shows that A{h){l ® h) = h ® h. 

Let us illustrate this result in the case of the p-adic numbers. Consider for any n G Z the 
compact open subgroup — p^l^p. Normalize the Haar measure so that the measure of 
the p-adic integers Zp is 1. Then, the measure of is Denote by hn the characteristic 
function of Kn- It is a group- like projection in the associated algebraic quantum group 
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because is a compact open subgroup of Qp. The Fourier transform /i„ of hn is given 

by 

hn{y)^ [ K{x)e-^^'^y dx 

Jqp 

= — / dx 

(where we are integrating over the Haar measure on Qp). We get except if y G p~'^Z,p 
and then we get p"". Therefore hn = p~'^h-n- 



4. Conclusions and further research 

We have given the definition of the Fourier transform in the case of a multipher Hopf algebra 
with integrals (in Section 1) and we have proven its basic and elementary properties (in 
Section 2). Multiplier Hopf *-algebras with positive integrals are a special case of locally- 
compact quantum groups. The Fourier transform and its properties can also be obtained 
for these locally compact quantum groups but the theory gets far more complicated and 
uses highly non-trivial operator algebra techniques. However, only here it gets its full 
strength including all aspects of abstract harmonic analysis. 

On the other hand, it seems that the multiplier Hopf algebras with integrals, where every- 
thing remains purely algebraic, are sufficiently general, not only to function as a source of 
inspiration for the general theory, but also to provide already interesting special cases and 
examples. 

We have illustrated this using the additive group Qp of p-adic numbers. Using some of the 
basic constructions (like Majid's bicrossed product construction), it is possible to obtain 
more complicated examples. One could take e.g. a group like the ax + 6-group, but build 
with the p-adic numbers in stead of the reals, and decompose it in order to get a matched 
pair of totally disconnected locally compact groups. Doing so, one can obtain interesting 
new and highly non-trivial examples of algebraic quantum groups. Some work along these 
lines has been done already, see e.g. [D-VD-W], but much more is possible. 

In our last section, we have given the definition of a group-like projection in a *-algebraic 
quantum group (with positive integrals). In [L-VDl], it is discovered that this relatively 
simple notion led to a variety of objects and results, involving the Fourier transform. 
Among other things, it was the starting point for the development of a theory of algebraic 
quantum hypergroups, see [De-VDl]. For such quantum hypergroups it turns out that a 
dual exists and that the duality obtained is generalizing in a nice way the duality we have 
already for the algebraic quantum groups. Again, more research is possible here (see e.g. 
[D^VD2]). 
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Another related topic is that of the study of all sorts of quantum subgroups of algebraic 
quantum groups and of the various associated objects (like the quantum version of the 
algebra of functions on cosets) 

Finally, as we mentioned already, it is expected that all of this will eventually lead to a 
theory of totally disconnected locally compact quantum groups (examples of which have 
been discussed above). 
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